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Nonlinear Trajectory Tracking Guidance with
Application to a Launch Vehicle
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This paper presents a methodology for nonlinear guidance law design for aerospace vehicles to track a prescribed
nominal trajectory. The guidance law is based on a continuous-time predictive control concept and is applicable to
vehicles with general nonlinear dynamics. The feedback gunidance commands can be obtained reliably and efficiently
by a convergent fixed-point algorithm. A launch vehicle trajectory-tracking problem is used to demonstrate the
application. Asymptotic tracking convergence under the proposed method is studied analytically. The guidance law
guarantees the satisfaction of the angle-of-attack constraint and a normal load constraint. Simulations are done to
test the guidance law for a variety of trajectory dispersions, disturbances, and modeling uncertainties.

I. Introduction

HE trajectory-tracking problem discussed in this paper is

specifically defined as follows: given the dynamic model of an
aerospace vehicle that is often nonlinear, and a nominal trajectory
that satisfies all of the mission requirements and constraints, deter-
mine the control commands that would guide the vehicle to track
the nominal trajectory in the presence of trajectory dispersions and
external disturbances. An apparent approach is to use linear con-
trol techniques, such as linear quadratic regulator (LQR) and pole
placement, applied to the linearized system. Since the linearized dy-
namics are generally time varying, the feedback gains will be time
varying, and so either gain scheduling or piecewise-constant gains
will have to be used instead.! The small perturbation assumption
required for the validity of linearization can also be a restricting
factor.

An effective existing approach for nonlinear tracking control is
based on the so-called geometric control theory.? This approach
involves a nonlinear coordinate transformation and static state feed-
back to transform the nonlinear system into a linear, controllable
system and is known as dynamic inversion in the aerospace control
community.>~3 The geometric control approach is used in Refs. 6
and 7 to obtain control laws to track near-optimal ascent trajectories
for an aerospace plane. In some aerospace guidance problems, how-
ever, the variables chosen to be the controls do not appear linearly
in the dynamic equations, and constraints on controls and trajec-
tory are always present. In these cases, this approach is not always
convenient to use.

A predictor-corrector guidance algorithm is used in Ref. 8 for an
aerospace plane to track the optimal ascent trajectory. Some heuristic
schemes for particular applications have also been proposed that
are derived on the basis of some characteristics of the trajectory
and dynamics.>1® Although they can be effective if appropriately
designed, there are no systematic guidelines as to how one should
proceed to derive them, and there is a lack of underlying theory.

It is the intent of this paper to examine aerospace trajectory-
tracking guidance problems from a different perspective. A sys-
tematic methodology for guidance law design is introduced that is
applicable to aerospace vehicles with general nonlinear dynamics.
The approach is based on a recently developed continuous predictive
control concept'!? that also handles control saturations explicitly.
A launch vehicle trajectory tracking problem is solved to gain some
insight and demonstrate the features of this method. The rest of
the paper is divided into four sections. Section II reviews briefly
the nonlinear predictive control method that obtains a feedback
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control law based on minimization of the difference between the
predicted and desired responses. An asymptotic tracking property
of the control law is presented in Sec. III for a class of systems that
are linear in the control. In Sec. IV the technique is applied to the
trajectory-tracking problem for a generic heavy-lift launch vehicle
to follow a predesigned minimum-fuel trajectory. Asymptotic track-
ing convergence and a method to enforce an inequality trajectory
constraint for the launch vehicle are discussed. Trajectory-tracking
performance of the guidance law for a variety of off-nominal per-
turbations and disturbances are examined. Section V summarizes
the work.
II. Nonlinear Continuous-Time Predictive
Control Laws

The following is a brief review of the continuous predictive con-
trol method to be used. The reader is referred to Refs. 11 and 12 for
more complete development.

Prediction of System Response
Consider a nonlinear dynamic system of the general form

X = filx) M

@

where x; € R", x, € R™ withn, > 0,1, > 0,and ny + n; = n;
x = (T xIHT € R" is the state vector, and u(t) € U = {u(t) €
R™ | Lilx()] < u; (¢) < U;[x(@®)]} is the control vector, where the
bounds L; and U; are specified and allowed to be state dependent.
The fi: R — R™, f,: R* — R™, and g: R" x R" — R™
are continuously differentiable nonlinear functions. Equation (1)
typically represents the kinematics and Eq. (2) the dynamics of the
system. Suppose that a desired trajectory x*(t) € R",t € [0, /], is
already known. An important assumption we need is the feasibility
of the desired trajectory.

The desired trajectory x*(¢) satisfies the system Egs. (1) and (2)
with a corresponding control r*(t) € U.

This assumption assures that the nominal trajectory is achievable,
which is usually the case in aerospace applications where x*(¢) of-
ten is either a carefully planned trajectory or an optimal trajectory
obtained off line based on the system model. The explicit knowl-
edge of r*(¢) is not necessary when the system is linear in u, as will
be seen, but it is required when the system is nonlinear in u. Note that
although only full-state tracking is discussed in the following, it is
straightforward to apply the same approach to partial-state tracking
or output tracking.

Suppose that the second-order derivative of each component of x,
contains components of u explicitly, and the first-order derivative of
each component of x, depends on components of u explicitly. More
general situations can be handled in a similar way, but this usually

X2 = fa(x) + ga(x, u)
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suffices for aerospace trajectory-tracking guidance problems. If at
an arbitrary instant ¢ € [0, t], x(¢) is known, then the current
control u(¢) determines the system response in the immediate future.
Specifically, consider the response x (t + #), where 2 > 0 is a small
time increment. Since x(¢) and x,(¢) depend on u(z) explicitly,
we may predict the influence of u(¢) on x;(t + k) by a second-
order Taylor series expansion at ¢ and on x, (¢ + k) by a first-order
expansion:

x1(t +h) & 20 (0) + BilX @] + B*/D{Fn (O] filx(®)]

+ Fulx@®]A[x(®] + Flx(0)]glx(0), u(]} 3

X (t + h) = xy(2) + A{ olx ()] + ga2[x (2), u ()]} C))

where Fi; = df1{x(¢)]/9x; and Fi; = 3fi[x(¢)]/3x, (the derivative
of each component of f; with respect to x is defined as a row vector).
Also, partition x*(¢) accordingly into [x}7 () x;7 (1)]7, and expand
x;(t + k) and xJ (¢ + k) in similar ways:

xj(t+h) ~ xf() + hit() + (h*/2)i} &)

xy(t +h) =~ xJ(t) + hi; (6)

The tracking error at ¢ -+ & can then be approximated by
ei(t +h) = x1(t +h) — x{(t + h) ~ e (t) + hé ()

+0.5R [ Fiu(x) i) + Fo@) () + Fu(®g(x, u) — %]

(N
er(t +h) = x(t + k) — x50+ h) ~ ex(t)

+h[fo(x) + g2(x, u) — 55 ] ®)

where the dependence of x (¢), x*(¢), and u(z) on ¢ in the right-hand
sides of the Egs. (7) and (8) has been suppressed for simplicity.

Continuous Predictive Control Law

To determine the control u(t) so as to reduce the tracking er-
rors, let us consider the minimization of the following performance
index:

ug)lienu J=3el(t+h)Qi(Der(r +h)

+ 16 (t+h)Q2()ex(t + h)

+ 5@ — O RO — r* ()] €]

where Q; and Q; are positive semidefinite matrices and R positive
definite, all with appropriate dimensions and possibly time depen-
dent if needed. Replacing e; (t + &) and e, (t + 1) by Egs. (7) and (8),
we have a parameter optimization problem with respect to u(¢) de-
fined by Eq. (9). When the optimal solution to problem (9) lies in the
interior of the control set U, the necessary condition for optimality
is 3J/0u = 0, which leads to

agz(x,u)]T

u(t) =r*(t) —hR™! (O.5h|:F12(x) 3

x Q1{er + héy + 0.5k Fiy(x) fi(x) + Fia(x) fo(x)

T
aga(x, u)
du

+ Fra()g(x, u) — xl*]} + l:

x Oa{ea(t) + [ fo(x) + g2(x, 1) —x;]}> L9 (10)

where for a given A the mapping n: R™ — R™ is defined for u,
since all other quantities are either known or specified (@1, Q,, and
R). Because ¢ € [0, 4] is arbitrary, Eq. (10) defines a continuous,
implicit control law for u, with a feedforward term r* and a feedback
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part associated with the tracking errors. When the system is linear
in u, thatis, g»(x, #) = B,(x)u, a closed-form solution for u can be
obtained from Eq. (10),

u(ty = —P~{(B?/2)(FiBy)" Qi [er + héy + (W /2)(Fu £

+Fofy— i) +hB] Qafea + h(f2 = 53)] — R*} (D)
where
P = [025h*(FuB)" Q1 FiaBo + Bl Q2B + R (12)

It is clear in this case that R can be set to zero as long as P is still
nonsingular, and hence the dependence of u on r* can be elimi-
nated. When the system equations (2) are nonlinear in u, there is
no analytical solution for # from Eq. (10) in general. Numerical al-
gorithms must be employed to solve for u. Difficulties that may be
encountered include that multiple solutions to Eq. (10) may exist,
some of which are merely stationary points rather than minimizing
solutions; the convergence of the algorithm cannot be guaranteed
for all of the points along the trajectory; the computation required
may be too excessive for on-line implementation. All of these ques-
tions must be answered satisfactorily if the technique is to have
potential practical use. Let us introduce a vector saturation function
s: R™ — U to handle the bounds on the control. For any y € R™
the ith component of 5(y) (1 < i < m) is defined as

U; yi = U
si(y) = 3 Vi Ly <y <U (13)
L;, yi <L

We have the following results regarding the preceding questions.
Theorem 1. Atany t € [0, /], for any given bounded values of
x(8), x*(@t), r*(#), Q1 = 0, Q> > 0, and R > 0, there always exists
a sufficiently small 4y > 0 such that for all 0 < & < h the implicit
equation in u
u = s[n)] (14)
has a unique solution ©* € U. When u* is in the interior of U, it is
the unique optimal solution of the problem (9). Furthermore, define
aball B = {u € R™ | lu — r*}{| < 8} for some § > 0. Then, the
fixed-point iteration sequence {u*} generated by
ubF =sin@*H], k=12,..., vu’ € Bs (15)
converges to u*.
The proof of the Theorem, given in Ref. 11, is based on the argu-
ment that the mapping u = s{n(u)] is a local contraction mapping
in B; for sufficiently small A.

Remarks

1) We note that Eq. (14) is the same as Eq. (10) when n(u) € U.
Equation (14) provides an implicit feedback control law to the track-
ing problem. The pointwise-optimal control u* can be conveniently
obtained by the fixed-point iteration (15) that is guaranteed to con-
verge for sufficiently small 4. Fixed-point iteration is particularly
suited for digital computer implementation. If we rewrite the control
law (14) as

u=s[r*—hR'N(x, x*, u)] (16)
where the nonlinear vector term N is obviously defined by compar-
ing the argument of s[-] with the expression of n(«) in Eq. (10), a
schematic diagram for continuous-time implementation of the con-
trol law is shown in Fig. 1.

2) On the basis of the assumption that x*(¢) and r*(¢) satisfy
the system model Egs. (1) and (2), one can easily verify that when
e(tp) =0atany 1y € [0, t7], u(ty) = r*(ty) makes J in Eq. (9) van-
ish for any & > 0. This indicates that a solution of the optimization
problem (9) in this case is exactly r*(¢) (because J > 0 for any
u), and by Theorem 1 the iteration (15) will converge to r*(f,) for
sufficiently small 4. It thus follows that the tracking error e(t) will
remain zero for ty <t < ty.
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Fig.1 Continuous-time implementation of the control law.

3) The prediction horizon A need not be as small as the “in-
tegration step size,” even though truncated Taylor series expan-
sions are used in the derivation (see Sec. II). In fact, it can be
treated as a controller parameter that can be tuned for better track-
ing performance. It should be noted, however, that a value of &
that is small enough for the fixed-point iteration (15) to converge
at one point may not be sufficiently small at another point along
the trajectory. For a given problem it is usually not difficult to
find through numerical simulations a value of A that will work
for all of the points on the entire trajectory. However, we stress
that it is not advisable to choose a very small & for this pur-
pose, because too small an £ tends to diminish the effectiveness
of the control. This can be seen from Eq. (10): when & ~ 0,
u(t) ~ r*(t), regardless of the sizes of the tracking errors e, (1)
and e, (). Therefore, it may work better for some more demand-
ing problems, as will be seen in Sec. 1V, if a simple adaptive
scheme is included that always starts with a given moderate £ and
will reduce the size of & if convergence has not been achieved at
a point after a specified number of iterations. Convergence will
occur typically within only a few iterations if 4 is adequately
small.

4) Finally, since this approach allows the constraints of the con-
trols to be state dependent, the control law can reinforce both in-
equality control constraints and trajectory constraints conveniently
by selecting the U; and L; in Eq. (13) appropriately. Such an appli-
cation is demonstrated in Sec. IV. More general development and
discussion will be given in a forthcoming paper.

HI. Asymptotic Tracking Property
Although the control law is derived based on minimization of
local tracking errors, global asymptotic tracking convergence can
be proven for several classes of systems that are linear in controls.
Let us consider the following system that will be used in the next
section:

x1 = AX2 (17)

X2 = f(x) + By(x)u (18)
Assume that n; < n, = m, the constant matrix A has a rank of
ny, and rank(B,(x)) = m, where, as in Sec. II, n; = dim(x,),
ny, = dim(xy), n = n; + 1y, and m = dim(u). Note that the
dimensions of x; and x, are not required to be the same. Suppose
that a reference trajectory x* = (x{ xJ) is given where according to
the feasibility assumption x; and x; satisfy x| = Ax;. We have the
following global asymptotic tracking property.

Theorem 2. For any Q; > 0, O, > 0, and & > 0, control
law (11) guarantees, in the absence of control saturation, globally
asymptotically stable tracking of the reference trajectory x*(¢) for
system (17) and (18) when the weighting R — 0.

Proof: Letting R = 0 in the control law (11) and applying it to
system (17) and (18) give

u(t) = =B, P(3AT Q1 {er + héy + (W /D)[Af, — 31 0)]}
+(1/W)Q2{es+ k[ o - 51)])) (19)

where

P = (0.25AT Q\A + Qz)“' >0 (20)
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Substitute Eq. (19) into the system equations (17) and (18). The
tracking error dynamics are

é] = Ae;)_ (21)

&y =—4PATQie; — (I/W)P(3RPAT Q1A+ Q1)er  (22)

To study the stability of Egs. (21) and (22), we consider a
Lyapunov function candidate

V=1l Qe +ief Pley >0, foralle = (el ) #0 (23)
Thus,

V=—e][(h/D)AT Q1A+ (Q2/h)]es <0 foralle  (24)

By LaSalle’s invariant theorem'? the solution e(t) of Egs. (21)
and (22) tends to the invariant set

S={ecR"|ex=0,PATQie, =0} (25)
Since P and Q; are nonsingular and n, < n,, the n, x n; matrix
PAT Q, has a rank of #n, if rank(4) = n;. It thus follows that
PAT Qie; = 0 = e| = 0. Therefore, S = {0}. So e = 01is globally
asymptotically stable.

Note that in this case the asymptotic tracking convergence holds
for any A > O that is not necessarily small. This result is somewhat
surprising at first, given that Taylor series expansions are used in
predicting the system response, but it has a logical explanation after
we look at the approach closely. In this predictive control setting,
the signs of the higher order terms in the Taylor series expansions
are more important than their accuracy.

For systems that are also nonlinear in controls, a direct general
proof of asymptotic stability under the implicit control law (14) is
not available. But if a redefinition of control inputs can be used to
transform such a system into a form that is linear in control, and the
transformed system is asymptotically stable under the correspond-
ing predictive controller (11), the validity of the control approach
may be established indirectly by observing that both control laws
(11) and (14) minimize the same performance index (9) as R — 0.
In the next section such an example is provided.

IV. Trajectory Tracking for a Launch Vehicle

In this section the preceding approach is applied in simulations to
track a nominal trajectory for a heavy-lift launch vehicle. The current
launch vehicles are typically guided by preprogrammed open-loop
pitch and yaw profiles for the atmospheric portion of ascent and then
by linear tangent steering law for the vacuum portion of flight.!4~!¢
Some recent studies'”!® examine the use of regular perturbation
techniques for possible in-flight generation of near-optimal trajec-
tories. In the approach proposed here, there are two aspects: generat-
ing a nominal trajectory off line and tracking the nominal trajectory
on line, and this paper concerns the latter. The nominal ascent tra-
jectory used in this section is generated off line as the result of a
trajectory optimization problem. (The optimality of the trajectory
is not required in the current approach, though. The nominal tra-
jectory can be any feasible trajectory.) The feedback guidance laws
based on the predictive control technique are employed to track the
nominal trajectory.

Vehicle Model and Optimal Ascent Trajectory

An advanced launch system model provided by NASA Langley
Research Center is used here (which is the same one used in Refs.
10, 17, and 18). The system consists of a liquid rocket booster and
a core vehicle as shown in Fig. 2. The booster has seven rocket
engines, each producing a vacuum thrust of 2,580,457 N. The core
vehicle has three identical engines. The vacuum specific impulse
for the engines is Iy, = 430 s. Other parameters for the core vehicle
are payload + fairing = 72,161 kg, inert mass = 79,891 kg, and
maximum fuel mass = 678,669 kg. For the booster, the inert mass =
79,891 kg, and the maximum fuel mass = 679,930 kg. The payload
is to be put into a 148.16 x 277.8 km (80 x 150 n mile) Earth orbit
at perigee. The first stage of the vehicle is the combination of the
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(0]

Fig.2 Launch vehicle configuration.

booster and the core vehicle. All 10 engines are ignited at liftoff. The
second stage refers to the core vehicle that continues the flight after
the booster burns out and is jettisoned. The point-mass equations of
motion of the vehicle in a vertical plane over a nonrotating, spherical
Earth are

F=uvsiny

. Tcos(@—y)—D pusiny
U= -

m r?
(26)
. Tsin(@ —y)+ L v
y:__—(_L.__f_(__LZ)COSy
muv r vr
__ T
gOIsp

where r is the radius from the center of the Earth to the vehicle, v the
velocity, y the flight-path angle, 8 the pitch angle of the vehicle, m
the mass, D the aerodynamic drag, L the lift, and p the gravitational
parameter. For each stage the total vacuum thrust 7; and the total
thrust inside the atmosphere T are related by
T= T() - PaAe (27)
where P, is the ambient atmospheric pressure and A, the sum of
the nozzle exit areas of the engines that are on. For each engine the
nozzle exit area is 3.7515 m?. The ambient pressure P, and atmo-
spheric density g are approximated by exponential functions of the
altitude. The aerodynamic lift and drag forces are modeled by
L=3pvSeCr,  Cp =350 5Cp 28)
with S,r being the reference area of the vehicle. The lift and drag
coefficients C;, and C), of the vehicle are originally given in the
form of tabulated data as functions of Mach number M and an-
gle of attack &« = 6 — y. In this study, C, for the first stage is
modeled by
Cr = Cri(M)a + Cpa(M)a’ 29)
where Cp, and Cp, are the least-squares fittings to the tabulated data
over « for a given Mach number M and then interpolated by cubic
splines over M. The term Cp, is fitted by

- |

where «; = 10 deg, and in each case Cpy and Cp, are similarly
fitted by cubic splines as Cy; and Cy, are. These fittings match the
table lookup of the tabulated data quite well. For the second stage,

Cpo(M) + Cpy(M)a?,
Cpo(M) + Cpa{M) (e — ay)?,

0<M<25
(30)
25<M
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since the vehicle is already out of the dense atmosphere and M > 8,
a constant Cp = 0.22 and C; = 0 are used. This means zero lift
and an approximate value for drag. For both stages, the control is
the pitch angle 6.

Forthe given payload and inert masses, the trajectory optimization
problem is to find the best mass ratios for the booster and the core
vehicle, and the optimal control history 8* (¢) such that the minimum
amount of fuel is required for the mission. This is equivalent to
minimization of the mass at liftoff. The initial conditions for the
optimal trajectory are set as

r(0) = 6378.4 km (an altitude of 400 m)
(3D
v(0) = 65 m/s, y(0) = 89.5deg
The initial mass m(0) is to be minimized subject to the orbital in-
sertion conditions

r{ts) = 6526.16 km, v(ty) = 7855.121m/s
(32)

y(tf) =0,

where the m (¢ /) is the sum of the masses of the payload, fairing, and
inert mass of the core vehicle. The time of flight ¢4 is determined via
the mass equation by the total amount of propellant used, which is in
turn determined by the mass ratios. Other inequality constraints are

m(t;) = 152,052kg

—4deg <a=0—y < l4deg 33)
g < 40698 (Pa) (34)
lag| < 2925 (rad-Pa) (35)

where ¢ = 0.5pv? is the dynamic pressure. The constraint on o
results from the fact that the aerodynamic data are given for « in
that range. The trajectory optimization problem is converted into a
nonlinear programming problem by parameterizing 6(z) by cubic
splines functions of time. The nodes of the splines plus the two pa-
rameters that specify the masses of fuel of the booster and core vehi-
cle constitute a parameter optimization problem. The state inequality
constraints (34) and (35) are transformed into terminal constraints

w(ty) = 0, z2(t;) =0
where
w = min(0, 40698 — q), w() =0
z = min(0, 2925 — |ag)), z2(0)=0

A global optimization method based on a continuous simulated an-
nealing algorithm'® was first used to produce a solution in the prox-
imity of the optimal solution. This solution was in turn used as the
initial point for a sequential quadratic programming algorithm® to
locate accurately the optimal solution.

The optimal solution turned out to call for a full tank of fuel for
the core vehicle and a 94.5% full tank for the booster. This translates
into a liftoff mass of 1,573,835 kg, corresponding to a fuel saving
of 34,926 kg as compared with nonoptimal trajectories that could
easily use up all of the fuel the vehicle can carry for the same mission.
The staging occurred 150 s after liftoff at an altitude of 61.6 km and
velocity of 2.63 km/s. The complete flight lasted 370 s. Figure 3
shows the altitude profile along the optimal ascent trajectory. The
inequality constraint (34) was not active, but constraint (35) was.
Figure 4 shows the variation of @g during the flight.

Trajectory-Tracking Guidance Law

Now the task is to derive a feedback guidance law for 8 (¢) to track
the optimal trajectory obtained. For better numerical conditioning,
the following dimensionless variables are used:

t ¥ v
T = s Y = —, V=
Vro/go Fo /8ol (36)
T D L
Ar = —, Ap = —, Ap=—
mgo mgo mgo
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Fig. 4 Variation of g history along the nominal trajectory.

where ro = 6378 km (radius of the Earth), and gy = p/re. In
addition, we will use the climb rate Z = d¥/dr = Vsiny in
place of the flight-path angle y. This has two benefits: the feedback
control law will be dependent on Z, which is easier to measure than
y, and the proof of asymptotic tracking convergence with the use of
Z is straightforward. Thus, in the new dimensionless variables, the
system equations are

Y'=2Z (€¥)]

Z' = (V}/Y) = (1/Y?) = (Z*/Y) + [Arcos(@ — y) — Ap]
x(Z/V) + [Arsin®@ — y) + A 1/ 1 — (Z/V)?
V' = Arcos(d —y)—Ap —(Z/VY?

(38)
(39

where the prime stands for the differentiation with respect to 7.
The mass equation is ignored because it simply determines a linear
variation of m(t). Note that both Ap and A, depend on 6 through
o. Without throttling the rocket engines and with fixed burn times,
feedback velocity regulation cannot be achieved effectively. There-
fore we will only concentrate on the flight-path control, that is, Egs.
(37) and (38). If we define a new control as

u=[Arcos(@ —y) — Apl(Z/V)

+[Arsin(® — y) + ALl 1 —(Z/V)? (40

and let x; = Y and x, = Z, then the system (37) and (38) has the
form of Egs. (17) and (18) with A = 1. The corresponding B, = 1.
Following Theorem 2, we conclude that u# given by Eq. (19) will
lead to globally asymptotically stable tracking of any feasible flight
path specified by [Y*(¢) Z*(¢)] for any & > 0, provided that no
control saturation occurs. Particularly, if the weightings are chosen
tobe Q) = Qy, Q2 = @z, and R = 0, the closed-loop dynamics
according to Egs. (21) and (22) are

1 Qz+0.58%Qy
h Qz +025R2Qy

Qy

AY” —
+ 20, + 0520y

AY' + AY =0

(41)
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which is clearly stable for any Qy > 0, @z > 0, and 4 > 0. Also,
if a desired damping ratio £ for the closed-loop altitude dynamics
is specified, it is easy to show from Eq. (41) that the required ratio

of o = Qy/Qz is given by
2 < /482 — 2)
c=—=| -1+—"r——
h? 282 —1
Clearly, for o to have a positive real solution, we must have § >
1/4/2. Withlittle effort we can show thato — ocowhen £ — 1/./2,
and 0 — 0 when £ — oo. Equation (42) provides a guideline for
selecting the values of Qy and Qy.

Despite the tracking convergence proof, the control law for 1 is not
convenient to use because of two reasons: 1) once u is obtained from
Eq. (19), the actual control 6 still needs to be solved for iteratively
from Eq. (40) (note that Ap and A, depend on 0 nonlinearly); and
2) the constraint —4 deg < o < 14 deg and the trajectory constraint
(35) are not easy to enforce in terms of simple saturation on u.
Therefore, we will implement the implicit version of the control
law (14) instead. Again we stress that the control laws (11) and (14)
achieve the same objective of minimizing the predicted tracking
errors [Eq. (9)] as R — 0.

Let R > 0 be specified. The guidance law by Eq. (14) for 8 is

0(t) =s(6"(t) —hR"{0.5hQy G

42)

x [AY + hAZ +0.58% (fo + g2 — Z7) ]
+GuQz[AZ + h(fn +gn—Z)]})
where s is a saturation function defined in Eq. (13), and
fa=(V¥/Y)— (/YD) = (Z%Y)
gn = [Arcos(0 —y) — Apl(Z/V)

“43)

+[Arsin(@ —y) + ALly/ 1= (Z/V)?
dAp | Z
Gy = —| Arsin(6 — —
21 |: rsin(6 — y) + Py :IV
9A z\’
L
Arcos(d — RS B Qe gt
+|: 7¢0s( y)+ aa] <V)
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For the second stage, A, = 0 and A, is calculated with Cp = 0.22.
The obvious function of the saturater s in Eq. (43) is to enforce
the constraint

—4deg+y <6 < lddeg+y 44)

which is from —4deg < o < 14deg. But for this launch vehicle,
the satisfaction of the critical trajectory constraint (35), which is
equivalent to

(=2925/q) +y <6 < (2925/q) + y (45)

must also be guaranteed in the presence of trajectory dispersions,
because this constraint is already active along the nominal trajectory.
The fact that the current approach permits the control constraints to
be state dependent allows us to enforce both Eqgs. (44) and (45)
easily. In fact, we can combine the two requirements (44) and (45)
by choosing the saturation bounds

U = min {14 deg + y, (2925/9) + ¥} (46)

L = max {—4 deg + y, (—2925/q) + v} 47)

in the definition of the saturater s. Then 6 obtained from Eq. (43)
guarantees the satisfaction of both constraints. For additional control
rate constraints and other more general types of trajectory con-
straints, the same advantage of the current approach remains true,
although a little more development is required.
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Numerical Simulations

The performance of the guidance laws (43) was tested by cre-
ating some hypothetic off-nominal perturbations and disturbances.
Before proceeding with simulation, we notice that the 8 calculated
from Eq. (43) may call for an initial 6(0) that is different from
the actual pitch angle of the vehicle, depending on different ini-
tial conditions. Also, the rate of 8 has no limits, which allows very
fast changes and even discontinuities in 8. Therefore the simulated
tracking performance can be overly optimistic, because these occur-
rences are not realistic, given that 8 is a physical variable determined
by the rotational dynamics of the vehicle. To compensate partiaily
the system dynamics in responding to the 6 command, we use a
first-order lag

) = i(‘—e + Gcom) (48)

with 8(0) = y(0) = 89.5 deg, where Oy is the solutions of
Eq. (43), and 8 is the value used in simulation.

For numerical computation, the following parameters were cho-
sen in the guidance law,

Qy = 200,000, 0z =20, h=0.1 (49)

where the values of Qy and Q7 correspond to € = 0.7072 by
Eq. (42). The value of 4 is in nondimensional t, which corresponds
to areal time of 80.6 s, whereas the integration step size was 0.001 in
7 with a standard Runge—Kutta fourth-order algorithm. This value
of h that appears to give good tracking performance was determined
through numerical simulations and was always first used when using
the fixed-point iteration (15) to solve for 6,,, from Eq. (43). The
size of & was then halved if convergence (with an accuracy of 1074)
had not been achieved within 30 iterations. This process continued
until convergence occurred. The weighting R is selected to be

R(1) = 1.0+ (0.01 — 1.0)(z/7y) (50)

where 7, is the total time of flight. This choice of decreasing R
is found to enhance the tracking performance quite noticeably. It
gives a relatively large R during the initial period when the track-
ing errors are large. This prevents the control from oversaturating.
Once the tracking errors are reduced, R approaches small values to
increase the tracking accuracy (recall that the asymptotic tracking
requires R — 0).

The first experiment was to test effectiveness of the guidance
law in the event when the actual flight conditions are different
from the nominal ones. Suppose that after the initial liftoff, the
actual flight-path angle y (0) is 88 deg instead of the nominal 89.5
deg given in Eq. (31). This change of 1.5 deg for the kick angle
would alter the ascent trajectory very dramatically if open-loop
guidance is used for the first stage. But the feedback nature of
the current guidance law enables it to adapt to the trajectory de-
viations. Plotted in Fig. 5 is the comparison of the nominal and
guided altitude histories for Ay (0) = —1.5 deg. The difference
between the two trajectories is barely discernible. The orbital in-
sertion errors along the guided trajectory are Ary = 0.0028 km,
Avy = —8.31 m/s, and Ay, = —0.027 deg. Figure 6 contains the
variations of the nominal and the guided pitch angle commands.
If the launch vehicle, with Ay (0) = —1.5 deg, is still guided by
the nominal open-loop pitch angle command obtained in the tra-
jectory optimization problem, the vehicle would crash into ground
shortly after the burnout of the first stage, as shown also in Fig. 5
(marked as the unguided trajectory). In this case, even if the second
stage employs a closed-loop guidance scheme, it is already too late
to recover.

The typical number of the fixed-point iterations at a point was
2-4, although the numbers ranged from 1 to 28 for convergence. The
reduction of the size of h occurred at several points. The smallest
value of & required for convergence was 0.003125in 7 and the largest
value used was 0.1 in 7 as given. The tolerance for convergence is
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Table 1 Test for trajectory dispersions
Disturbances Ary,km  Avy,m/s  Ayy, deg
CL =0.7C}, Cp = 1.3C}, 0.060 —60.2  —0.054
CL =13C}, Cp=0.7Cy, —0.032 —489  —0.091
50% sinusoidal variations in p and P, 0.043 —82.4 —0.064
Sinusoidal wind of 60 kim/h —0.045 —-44  —-0.074
Combined —0.054 —1553 —0.038
T =0.98T", Iy, = 0.981, 0.155 =212 —0.072
160.
alt(km)
80. |
o A \\‘
0. 200, 400.
t (sec)
Fig. 5 Comparison of the altitude profiles for A~y = —1.5 deg: —~—,
nominal; ——, guided; and - - - -, unguided.
100.

60.
pitch(deg)

20.

-20.

0. 200.
1 (Sec)
Fig.6 Pitch angle 6(¢) history for A~y = —1.5 deg: - ——, nominal; and
——, guided.

set at 1074, It should be pointed out that we found that for this
problem the preceding simple adaptive adjustment of A resulted in
much better tracking accuracy, rendering tracking errors at least an
order of magnitude smaller as compared with the case where a small
constant value for 4 (for instance, 0.003125) was used instead.

For a launch vehicle, the trajectory dispersions are largely caused
by the inaccuracies in modeling of the launch system and distur-
bances in its surrounding environment. The basis on which the
current guidance law is derived is continuous minimization of the
errors between the predicted and nominal trajectories. This fea-
ture is expected to provide a certain degree of robustness. Table 1
summarizes the orbital insertion errors for some cases we tested
for modeling uncertainties and external disturbances. The guidance
algorithm only uses the nominal values of the perturbed param-
eters but assumes accurate full-state feedback. In particular, the
dynamic pressure used in the guidance command calculation is
assumed to be accurate, because this directly affects how accu-
rate the trajectory constraint (35) can be enforced. The first two
cases in Table 1 are for aerodynamic modeling uncertainties where
the true lift coefficient is assumed to be 70%, and then 130%
of the nominal value whereas Cp is assumed to be 30% higher,
and then 30% lower than its nominal value. The third case considers
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Fig. 7 Variation of g (rad-Pa) in the presence of trajectory disper-
sions.

altitude-dependent variations of the atmospheric density p and pres-
sure P, of the form

. . | 27w (r — Ro)
p_p{1+0.551n{——-———50 ]}

. 2 (r — Roy)
P,=Pri1+4+0.5 —_—
' { + sin [ 30 ]}

where the quantities with an asterisk are the nominal ones. These
variations affect the trajectory through the aerodynamic forces and
magunitude of the thrust [Eq. (27)]. The wind tested in the fourth
case is modeled as a horizontal tail-head wind with the speed of

W = —Wycos[(r — Rp)m], 0<r—Ry<10km (52)
where W, = 60km/h = 12.5 m/s, which is about 15 km/h higher than
the maximum allowable wind speed at ground for launch of a Delta
launch vehicle.?! Note that in the presence of a wind the initial values
of v (relative to the air) and y are altered, as well as the dynamic
equations for v and y. Again the guidance command generation is
not informed of the wind perturbation. The combined case is when
all of the disturbances in cases 1, 3, and 4 occur simultaneously.
The last case assumes that the actual vacuum thrust and the specific
impulse of the rocket engines are 2% lower than the nominal values.

The guidance law appears to cope with these common sources of
trajectory dispersions quite well. It should be pointed out, though,
that the primary effects of winds would be on the out-of-plane mo-
tion, which is not included in this study. There are no conceptual
difficulties, however, to extend the current method to include lat-
eral guidance. Also note that the velocity deviations are not actively
regulated by the guidance law because the rocket engines are not
throttleable. But the simulation results show that the velocity errors
are bounded within a reasonable range. In certain cases, once the
payload is delivered to the specified altitude with desired flight-path
angle, firing of the rocket on board the payload may be necessary
to increase the velocity to the desired level.

Figure 7 shows the variation of ag of the first stage along the
guided trajectory in the combined case. The normal load constraint
lag| < 2925 (rad-Pa) is accurately satisfied by the guidance law,
even in the presence of the considerable disturbances. The compar-
ison of the nominal and guided « histories is depicted in Fig. 8.
It can be seen that the constraint —4deg < « < 14 deg is also
strictly observed on the guided trajectory. This feature of enforc-
ing control/trajectory constraints is a distinct advantage of the cur-
rent method. It should be mentioned that the other trajectory con-
straint (34) is met by all of the trajectories [e.g., gmux = 35,000
(Pa) in the combined case].

One important scenario that was not tested is the case where one
engine fails. In such a case, tracking the nominal trajectory using
the current guidance scheme probably is not a good strategy, since
the vehicle would have some propellant left at the nominal staging or
burnout time. Allowing the vehicle to continue the flight with some
guidance compensation determined in preflight failure analysis may
prove to be a better alternative.'®
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Fig.8 Angle-of-attack history in the presence of trajectory dispersions:
— — -, nominal; and —, guided.

V. Conclusions

A systematic methodology is introduced for developing nonlinear
guidance laws for aerospace vehicles with general nonlinear dynam-
ics to track a prescribed nominal trajectory. The guidance laws are
based on a nonlinear continuous predictive control approach. The
guidance commands can be obtained reliably and efficiently using a
fixed-point iteration algorithm that is guaranteed to converge when
a guidance parameter is selected to be sufficiently small. Hard con-
straints on the trajectory are conveniently enforced by the guidance
laws. The problem of guiding an advanced launch vehicle to track
a predetermined trajectory is solved as an example. The tracking
convergence is first established by transforming the system into one
that is linearly dependent on the control, but the implementation
uses the original complete nonlinear equations. It is demonstrated
that the current guidance law, with appropriate choices of saturation
bounds, enforces both angle-of-attack and a normal load constraints
strictly while it produces accurate trajectory tracking in the presence
of a variety of off-nominal launch conditions, modeling uncertain-
ties, and environmental disturbances. This work suggests that the
present guidance scheme may be ideal for other guidance problems,
such as entry guidance of a reusable space vehicle, in which accu-
rate trajectory tracking is desirable and various stringent trajectory
constraints must be observed.
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